In this paper, three-dimensional elastic deformation of isotropic functionally graded plates subjected to point loading is investigated using a combination of analytical and computational means. The analytical approach is based on the displacement functions method, while numerical modeling, which requires high accuracy in the representation of the point loading, uses Galerkin type finite element method. Three different plate geometries are examined for validation purposes, and the difficulties associated with an optimum choice of the element size are discussed. It is shown that by using a posteriori error estimation based on the equivalent stress measure accurate results can be obtained even in the neighborhood of the point loading.
Introduction
The concept of Functionally Graded Material (FGM) is currently actively explored in a variety of engineering and biomedical applications where conventional materials can no longer meet increased expectations in terms of performance and structural integrity. FGM refers to advanced composite materials with gradual compositional variation of the constituents from one surface of the material to the other, which results in a continuous variation of material properties. A comprehensive review of the principal development in the modeling of functionally graded materials and structures covering homogenization of particulate FGMs, heat transfer, statics, dynamics, stability fracture, testing and design is given by Birman and Byrd (2007) . mation of functionally graded structures under point loading has received considerably less attention in the literature. Whilst a number of plate theories for functionally graded plates have been proposed (see e.g., Birman and Byrd (2007) ), numerical examples that accompany them are usually restricted to one-term sinusoidal loading and uniformly distributed loading.
A solution to the problem of a concentrated line force acting in the interior of an infinite plate was developed by Spencer (2000) . The plate was assumed to be of arbitrary thickness, isotropic and inhomogeneous, with the elastic moduli being functions, not necessarily continuous, of the through-thickness coordinate. The mechanical properties of the plate are not necessarily symmetric about the midsurface. The solution, based on the classical solution for a concentrated force in a thin elastic plate, was extended to give exact closed form solutions for the displacement and stress in the thick inhomogeneous plate. Guo et al. (2004) examined the interface crack problem for an infinite plate of finite thickness with functionally graded coating subjected to a concentrated force. An exponential variation of the shear modulus in the coating was assumed.
More recently, Woodward and Kashtalyan (2011) investigated the elastic deformation of rectangular sandwich panels with a graded core subjected to various types of localized loads including patch, line, and point load. The elastic behavior of functionally graded rectangular plates under patch load was also studied in Woodward and Kashtalyan (2012) . Patches of three different sizes were considered: full-size patch (i.e., uniformly distributed loading), large centralized patch, and small centralized patch. Analytical modeling was based on 3-D elasticity solution for stress and displacement fields in functionally graded plates subjected to a one-term sinusoidal loading recently developed by Kashtalyan (2004) , while finite element modeling was performed in ABAQUS with user implemented graded elements. Agreement between the 3-D elasticity solution and finite element model was excellent. It is worth noting that while increasing the number of terms used in the Fourier representation of patch load type can be seen to give greater accuracy at the plate center, an overshoot in the normal stress is observed in locations of patch load application as the solution tries to capture a step change in load with number of sinusoidal terms. This is known as the Gibbs's phenomenon (Gibbs (1898 (Gibbs ( , 1899 ). Singh and Shukla (2012) (2011) studied the behavior of sandwich beams with functionally graded rubber under three point bending by using a combination of experimental and numerical techniques.
In this paper, the three-dimensional elastic deformation of an FGM rectangular plate subjected to point load is investigated by a combination of analytical and computational tools.
Analytical modeling

Problem formulation
Consider a rectangular plate of length a, width b and thickness h. The plate is a three-dimensional continuous body, B 0 , which is referred to the material configuration expressed in a Cartesian co-ordinate system (X 1 , X 2 , X 3 ),
The material of the FGM plate is assumed to be isotropic inhomogeneous, with an exponential variation of the shear Figure 1 : Geometry and loading of the three-dimensional continuum body B 0 modulus G with the thickness co-ordinate X 3 in the form:
Here G 0 is the value of the shear modulus at the bottom surface of the plate, X 3 = 0, G 1 is the value of the shear modulus at the top surface of the plate, X 3 = h, and γ is the inhomogeneity parameter. The Poisson's ratio is assumed to be constant.
If the displacement formulation is used, the three-dimensional displacement field in the plate is governed by the following three equilibrium equations in terms of displacements u i :
where and henceforth the summation convention from one to three in repeated indices is applied and the Laplacean operator ∆ = The above equations are analogous to the Navier-Lamé equations for homogeneous isotropic materials. In Eq. (2) for the isotropic heterogeneous material or in the NavierLamé equations for the isotropic homogeneous case, the same constitutive relation, i.e., Hooke's law defines the Cauchy stress tensor:
The plate is subjected to a concentrated (point) force, P , applied at the center of its top surface, (a/2, b/2, h), while the bottom surface remains free, cf., Fig. 1 . We will treat the point force as a particular case of distributed transverse loading:
where 
At the edges of the plate, Navier-type boundary conditions are prescribed so that: 
By referring to Hooke's law and to the definition of the strains, the stresses in the plate can be expressed in terms of the displacement potential functions as:
The displacement functions L and N must satisfy the following partial differential equations:
Method of solution
Given the boundary conditions at the edges of the plate, we will expand the transverse loading Q(X 1 , X 2 ) into a double Fourier series as:
where m and n are wave numbers, and the loading coefficient q mn is equal to
Consequently, the displacement potential function will be sought in the form:
Then, for each pair of m and n the Eqs. (10) are transformed into the following four differential equations:
where
. For a simply supported functionally graded rectangular plate with the dependence of the shear modulus on the thickness co-ordinate in the exponential relation as in Eq.
(1), the functions ψ 1mn , ψ 2mn , φ 1mn , and φ 2mn , in Eqs. (10) are found to be
By substituting the functions ψ 1mn , ψ 2mn , φ 1mn , and φ 2mn
and Eqs. (17) into Eqs. (13), and by using Eqs. (11), (12) the following representation for the displacements and stresses in the plate is obtained:
The constant coefficients A kmn are determined from boundary conditions at the top and bottom surfaces of the plate, Eqs. (5),(6). The functions U i,kmn for the displacements and for stresses P i,kmn are given in the appendix.
Numerical modeling
In contrast to the analytic formulations presented in the preceding section numerical modeling of functionally graded materials allows us to investigate more complex geometries and phenomena. Since the representation of a point load is difficult computationally, the consistency and the quality of the numerical modeling can be verified by using the analytic solution for the point loading. The analytic solution outlined in the preceding section assumes C ∞ continuity for the displacement functions u in space X. This is usually the case in continuum mechanics and thus not mentioned. In a discrete numerical approach such as the finite element method, however, the continuity of the solution depends on the function space. Any function ψ(X, t), defined in space and time, is decomposed into a time dependent and a space dependent function:
Summation is applied over the nodal points with an identification number, ID. The space function φ ID (X) determines the geometric configuration, i.e., the connectivity between the neighboring nodes by using form functions of any polynomial degree stated by the function space, as described in Hilbert (1902) . Formally Eq. (24) (2012) . We shall give a brief outline of the variational formulation and implement the point load next.
Starting in a known reference state, B 0 , a continuum body is deformed into B subject to given loading conditions. We want to calculate the displacement field u i of every particle referring to the state B 0 . If a particle originally at X i moves to x i , the displacement of that 
They can be mapped on to the initial state
where the mass density in actual and initial frame ρ and ρ 0 , respectively, velocity field υ i , specific body forces f i and the Cauchy stress tensor σ ji , are transformed onto the initial state by using the Jacobian J = det(F i j ) ≈ 1. We employed the volume and surface element transforma- (Müller, 2011, p. 62) so that the Eq. (26) holds in general for all closed (subject to mass transfer) systems. For our problem, however, first, we neglect the inertia term ρ 0 ∂υ i /∂t since an elastic deformation is supposed to be instantaneous. Second, body forces, such as gravity ρ 0 f i , are ignored because the deformation due to its own weight is supposed to be small with respect to the deformation subject to traction on the surface. If continuity of stress within the body is fulfilled then Gauss's theorem can be applied so that the latter formulation yields to the so-called equilibrium condition:
Of course the continuity of stress is not satisfied in the discretized form. Therefore, the latter equation will be written for each element, where the stress is linear and then summed up. Since the formulation is in the initial state, where we evaluate using Cartesian coordinates, the co-and contravariant distinction is superfluous and will be suppressed henceforth. The set of trial (ansatz) functions u i are searched in the discretized space and we do not distinguish between discretized and continuous functions in the notation. In order to apply a variational formulation we shall multiply the Eq. (27) with tensor of appropriate rank. This can be easily associated with an arbitrary test function δu i . We choose it from the same H 2 -space as u i , also known as the Galerkin method in finite element analysis, such that the test functions of length one are defined by using the same connectivity as in Eq. (24):
After integration by parts and the implementation of σ ji N j = t i on the boundaries the variational form to be computed
As in the analytical formulation, cf., Eqs. (5), (6), the boundary conditions on ∂B D boundaries will be applied strongly. By using the Eq. (3) the variational form (29) The variational formulation above is well-known. For a convergence study with heterogeneous materials we refer to Abali et al. (2012) . In the following we discretize the domain automatically with an approximate global size for each element. The series representation of the traction is discussed and improved and results are amended by an adaptive meshing algorithm as will be discussed in § 5.
Validation and results
The numerical formulation presented in the previous section is validated by using the analytical solution presented in § 2. To find the analytical solution, a concentrated (point) load applied at the top surface of the plate was treated as a particular case of distributed transverse loading, Eq. (4), and then represented as an infinite series, Eq. (11). In order for the analytical solution to be computed, the series has to be truncated after a finite number of terms. In this study, the number of terms in the Fourier representation of the point load is taken as 50. Therefore, the point load, i.e., the traction readŝ
This finite series models a point load as a highly localized distributed loading of a limited magnitude. The magnitude of the loading as well as the size of the area upon which it is concentrated is set by the number of terms (Fig. 2) . Increasing the number of terms in the Fourier representation will lead to the load concentrated over an area of decreasing size. However, the solution will not converge globally due to Gibbs's phenomenon, see Gibbs (1898 Gibbs ( , 1899 . In order to circumvent any numerical problems due to Gibbs's phenomenon, we propose to use a
Gaussian distribution function such that
where the amplitude q 0 = 50000 MPa and the variance σ = 8 have been determined from inspection to match the truncated series representation with P/(ab) = Q 0 = 1 MPa as shown in Fig. 3 .
The results are presented for three plates whose geometrical and material parameters are given in Table 1 . Table 2 shows computational times required for numerical modelling of plate 2 using automatic meshing with constant element size. The system is solved for displacements. After that the stresses are computed by using Hooke's law. Therefore, two subsequent computations with different numbers of degrees of freedom are utilised resulting in long computational times. It is evident that although more elements would give more accurate results, automatic meshing is not feasible in such extreme loading cases. In the computations shown below, 40 elements in X 1 and X 2 directions (Fig. 1) are used. The number of elements in X 3 direction is such that the element size is equal in each direction. The displacement field is in H 2 so that the stress field is in H 1 and discontinuous across the elements. Figure 4 shows through thickness variation of normalized stressesσ ij = σ ij /Q 0 in plate 1 (reference plate) and plate 2 ("flipped over" plate). The in-plane normal stressσ 11 (Fig. 4(a) ) and the out-of-plane normal stressσ 33 (Fig. 4(b) ) are shown at the center of the plate (a/2, b/2, X 3 ), while the in-plane shear stressσ 12 (Fig. 4(c) ) and the transverse (out-of-plane) shear stress σ 13 (Fig. 4(d) ) are shown at the (0, 0, X 3 ) and (0, b/2, X 3 ) does not have any significant effect on the distribution of normal stresses directly underneath the point of load application ( Fig. 4(a),(b) ). However it has an effect on the distribution of shear stresses (Fig. 4(c),(d) ). Figure 5 shows the through thickness variation of normalized stressesσ ij = σ ij /Q 0 in plate 1 (thick plate) and plate 3 (thin plate). It can be seen that in plate 3
(thin plate) as opposed to plate 1 (thick plate) the inplane normal stressesσ 11 are still present at the bottom surface of the plate (Fig. 5(a) ). This can be attributed to the overall bending of the plate under the point load.
Also, it can be observed that the shear stresses in plate 3
(thin plate) are significantly higher than in plate 1 (thick plate), (Fig. 5(c) , (d)). This is consistent with the results obtained by Pagano (1969) who constructed the exact solution for a plate within linear elasticity theory and compared them to the corresponding classical plate theory solutions. According to the Kirchhoff-Love hypothesis, on which the classical plate theory is based, the normal to the mid-plane is assumed to remain straight and normal after deformation. This is equivalent to assuming that the shear strains in the planes normal to the mid-plane are equal to zero. This leads to neglecting transverse shear stresses within the classical plate theory in a sense that they cannot be determined from the constitutive equations as a consequence of the Kirchhoff-Love hypothesis. Despite this deficiency, classical plate theory delivers reasonable results for displacements and in-plane stresses for plates with length-to-thickness ratio greater than 20. Pagano (1969) showed that transverse shear stresses computed by integration of the equilibrium equations using the in-plane stresses obtained within the classical plate theory are in good agreement with stresses predicted by the three-dimensional elasticity theory for a single-layered plate with length-to-thickness ratio equal to 4 and a threelayered plate with length-to-thickness ratio equal to 10.
The difference between analytical and numerical predictions forσ 13 is also more pronounced in plate 3 (thin plate) analytical (1) analytical (2) numerical (1) numerical ( analytical (1) analytical (2) numerical (1) numerical ( analytical (1) analytical (2) numerical (1) numerical ( analytical (1) analytical (3) numerical (1) numerical ( analytical (1) analytical (3) numerical (1) numerical ( is chosen:
Theoretically, point loading evokes infinite stresses at the point where the load is applied. Even if the load was imposed on one single node discrete interpolation would spread it to the elements sharing that node. Herein, we use a finite series for the loading and Eq. (31) for implementing it. Thus, infinite stresses will not be produced but the maximum value of the equivalent stress occurs where the load has its highest value-in the center of the top surface of the plate. Therefore, we propose to use the value of the equivalent stress in the whole domain in order to estimate whether the mesh requires refinement or not. Since the maximum stress occurs in the center of the top surface of the plate the number of elements next to it will be increased and the transition to lower stress will be smoothed. The maximum stress value is computed automatically, not in a given coordinate so that the proposed approach is generic. In order to determine which element should be refined the elements having equivalent stress in their midpoints higher than a given limit value are marked. The limit value is obtained as a fraction of the maximum equivalent stress value in the whole plate.
10% of the maximum equivalent stress is set to be the lower limit, and all elements above that limit are marked.
The marked elements are refined automatically without any hanging nodes using the FEniCS project (Logg et al., 2011, § 29) . By starting off with a coarse mesh this adaptive refinement technique has been used iteratively, such that each time the numerical solution is used for a posteriori error estimation based on the equivalent stress. This is repeated fifteen times and Fig. 6 shows the mesh and its positive effect on the solution as well as the magnitude of the displacements as a color distribution. The numerical method herein can be generalized for any other geometry and loading condition, moreover the proposed a posteriori error estimation based on the equivalent stress measure appears to be adequate for many engineering problems.
Conclusions
An analytical solution and numerical approximation by using finite element method has been presented that allows for the computation of stresses and displacements of a functionally graded, three-dimensional continuum under point loading. The point load is simulated by the 
